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Abstract 

We study point symmetries of the Robinson-Trautman equation. The cases of one- and two- 
dimensional algebras of infinitesimal symmetries are discussed in detail. The corresponding symme- 
try reductions of the equation are given. Higher dimensional symmetries are shortly discussed. It 
turns out that all known exact solutions of the Robinson-Trautman equation are symmetric. 

, 1 Introduction 

o 

04 ' In 1960 Robinson and Trautman introduced^ a class of space-times admitting a diverging shear- and 

^ |. twist-free congruence of null geodesies. Such space-times, if asymptotically Minkowskian, are believed 

D ' to describe gravitational radiation outgoing from spatially bounded sources. Recent numerical results 

suggest that the Robinson-Trautman metrics can be used to estimate the mass loss during the final 
' phase of the collision of two black holes. ^ There are also suggestions that the subclass of the so called 

C-metrics'^ (and their twisting generalizations^) can describe spacetimes containing accelerating black 
<N ■ holes.5-8 

In terms of standard coordinates u, r, ^, ^, where u and r are real and ^ is complex, the Robinson- 
Trautman metrics are given by^ 



> 



^ . g = 2Au{HAu + dr) - 2r^P"Mfdf . (1) 

O , 

\^ I The function P is independent of r. Vacuum Einstein equations imply 



o 



H = -r(9„lnP-m(w)/r-f P^a^a^-lnP (2) 
and a fourth order equation for P, referred to as the Robinson-Trautman equation: 

P^d^d^iP'^d^d^ In P) + 3mdu{\n P) - a„m = . (3) 



Using coordinate freedom m can be transformed to the value ±1 or 0. The Gaussian curvature K of 
surfaces of constant u and r is given by 

K = 2P^d^d^\nP . (4) 

Existence of asymptotically flat Robinson-Trautman metrics has been recently examined. ^""^^ Also, 
their large u asymptotic behaviour is known. These results, however, do not give any hint of how to 
look for explicit solutions. Only a few of them are known since 1960, none of them being asymptotically 
flat except for the cases of the Minkowski and the Schwarzschild metrics. 

Assuming asymptotic flatness of metrics (1), the Bondi energy, ^^'^^ the Bondi mass aspect and the 
news function were found in terms of P.^^' ^'^^^^ Asymptotic flatness of (1) with positive m follows from 
the assumption that in the gauge m = 1 the function P = P/{1 + i^^) is positive and regular on i? x 5*2, 
^ being interpreted as a complex stereographic coordinate on iS'2. 

The subclass of metrics with to = is characterized by the fact that if is a solution of the Laplace 
equation, so K must be either constant or singular. No nontrivial asymptotically flat metric exists in 
this subclass. 

In the present paper we consider symmetries of the Robinson-Trautman equation and classify the 
conjugacy classes of one- and two-dimensional symmetry algebras. We find symmetry reductions of 
equation (3) for solutions preserved by these algebras. Some of these solutions might correspond to 
asymptotically flat metrics with a simple dependence on the time u. This research may also be of help 
for studying the numerical solutions of the Robinson-Trautman equation, providing natural ansatzes 
with smaller number of variables than in generic situations. 
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2 Symmetry transformations for m ^ 



Suppose TO 7^ and consider equation (3) in the gauge to = 1, 

P^d^d^iP'^d^d^ In P) + 3a„ In P = . (5) 
It is easy to prove that (5) is invariant with respect to the following point transformations: 
uh^ u' = a'^u + b, 

^^e = fiO, (6) 
P ^ P' = a-'\l^\P , 

where a ^ and b are real constants and / is a holomorphic function of ^ and ^ 0. If (6) is 
supplemented by 

r' = , (7) 

the corresponding metric transforms as 5 i— > a^g. Thus, (6) together with (7) induces a homothety of 

the metric. It is an isometry when a = 1. 

Infinitesimal transformations corresponding to (6) arc given by the vector field 

k = {4Au + B)du + F{i)d^ + + (ReP^ - A)Pdp , (8) 

where A and B are real constants and P is a holomorphic function of ^. These fields form the symmetry 
algebra g. 

Solutions of (3) invariant with respect to (8) have to satisiy the following linear equation 

{4Au + B)P^u + FP^^ + FP^ +iA- RcF^)P = . (9) 

We will perform the symmetry reduction of (5) assuming that its solution is preserved by vector 
fields (8) forming a one- or two-dimensional subalgebra of g (higher dimensional subalgebras will also 
be shortly (lisc;usscd.) First we will classify these subalgebras under the action of pseudogroup of 
transformations (6). This way we will obtain the conjugacy classes (CC) of one- and two-dimensional 
subalgebras of q. 

3 Solutions with one or two symmetries 

Consider a one-dimensional algebra generated by a vector field (8). Applying an appropriate transfor- 
mation (6) we can simplify the coefficients A and B and the function F, obtaining one representative 
of each conjugacy class. For instance, if A = 0, B ^ and F ^ we can scale u and ^ so that B = 1 
and F = ^. This leads to 

k = du + ^d^ + ^d^ + Pdp . (10) 

In the same way we can distinguish five conjugacy classes which are listed in Table 1, together with 
corresponding vector fc, form of the invariant solution P and the reduced Robinson-Trautman equation. 
Whenever it is needed, we explicitly write the definition of the new variable z{u,£,) appearing in the 
invariant solution. Throughout the text we use x and y to denote, respectively, the real and imaginary 
part of ^. 

Consider now the case of two-dimensional subalgebra 02 of g. We denote the basis vectors of 02 by 
ki and ^2. There are two nonisomorphic two-dimensional Lie algebras such that either 

[A;i,A;2] = (11) 

or 

[fcl,fc2]=fc2. (12) 

The Lie bracket of two fields given by (8) reads 

[ki, k2] = 4{BiA2 - B2Ai)du + (Fip2,c - F2Fu^)d^ + 

+ (FiF2_| - ^2^1,5)% + P Re(FiP2,« - P2Pi,«)ap ^ ' 
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where the indices 1,2 refer to vectors ki, k2 respectively. 
In the AbeUan case, equation (11) implies 



A1B2 = A2B1 , (14a) 



FiF2,^ = i^2i^i,5 , (14b) 



Re{FiF2,^^ - F2i^i,££) = . (14c) 

It follows from (14b) that Fi is proportional to F2 and (14c) is satisfied. 

Due to (14a) wc can assume without loss of generality that A2 = -B2 = 0. Then ^2 7^ and using the 
gauge freedom in ^ we can set F2 = i. Then Fi = C = const G R follows from (14b) and the remaining 
freedom in choice of ki. Therefore, the symmetry generators are 

ki = {4:Au + B)du + Cd^ - APdp, ka = dy . (15) 
Invariance of a solution P of (5) with respect to /C2 implies 

P=p{u,x). (16) 
Invariance with respect to ki gives 

[AAu + B)P„ + CP, = -AP . (17) 

Depending on values of A, B and C we can distinguish five conjugacy classes of two-dimensional Abelian 
subalgebras of q. They are listed in Table 2. (Here, as well as in Tables 3 and 4 the symbol p' denotes 

a derivative of p with respect to its argument.) 
In the non-Abclian case, equation (12) gives 

4(^2^1 - A1B2) = AA2U + B2 , (18a) 



FiP2,€ - -F2fi,€ = F2 , (18b) 

PRe (PiP2,« - i^2Pi,«) = P (ReP2,5 - ^2) • (18c) 

It follows from (18a) that 

A2=0, B2(l + 4Ai) = . (19) 

Differentiating (18b) and its complex conjugate we conclude that (18c) follows from (18b). Proceeding 
as in the Abelian case, we obtain results summarized in Table 3. 

4 Solutions v^fith more symmetries 

All Lie algebras of dimension greater than three contain a three-dimensional subalgebra. Let ki, i = 
1,2,3, be its generators. In the case of Bianchi type VIII or IX it follows from (13) that Ai = Bi = 0. 
Then the fields ki, k2 and k^ are tangent to a two-dimensional surface and invariant solutions are 
excluded. For all other Bianchi types the algebra contains a two-dimensional Abelian subalgebra. One 
can construct invariant solutions as special cases of those described in Table 2. After lengthy calculations 
one obtains only the trivial solution P = const or P = const • x^/^ given by Robinson and Trautman.^'^ 
These are also solutions of the Robinson-Trautman equation for to = 0. Thus, assumption of three or 
more symmetries does not lead to any new interesting solutions. 
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5 Symmetry transformations for m = 

Suppose now that m ~ 0. In this case equation (3) can be integrated to a second order equation, 

P^d^d^ In P = Re (j){u, , (20) 

where ^ is holomorphic with respect to ^. If ^ 0, one can transform (20) to the equation^ 

p2aj%lnP = -ReC . (21) 

Substituting 

P = x'/Mi,^) (22) 
into (21) we get 

p2(Alnp-3/8) = -1 . (23) 
Here A = x'^d^d^ is the Laplace operator on a pseudosphere with the metric 



which can be put into the standard form 
4dCdC 



(25) 



" (1 - CC)^ 

by means of the transformation = + l)/(^ — 1). The operator A is preserved by transformations 
C^r = ^^, a,b,c,deR (26) 

corresponding to an action of SL(2,i?) on the pseudosphere. 

It follows from (26) that infinitesimal transformations are generated by vector fields of the form 

k = {iA^'^ + B^ + iC)di + c.c. , (27) 

where A, B and C are real constants. Using symmetry transformations wc can distinguish three conju- 
gacy classes of one-dimensional subalgebras of the symmetry algebra for m = (Table 4). 

Given a solution of (21) we can apply the transformation ^' = f{u,^) to obtain a class of solutions 
of (20). 

Note that the only solution of equation (23) invariant with respect to two independent fields of the 
form (27) is p = -^8/3 which gives the well known solution P = const • x^/^ found by Robinson and 
Trautman.^" 
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Table 1. Invariant solutions with single symmetry. 



cc 


k 


P 


RT equation 


1 


du 




p'^d^d^lnp = Re^. 


2 


4udu - Pdp 




p^d^d^lp^d^d^lnp) = |. 


3 


du-^d^-^d^-Pdp 


eXz, z) 


p''d,ds{p^d,ds \np) - 3{zd, + zd,) Inp + 3 = 0, z = e-''^ 


4 


dy 


p{u, x) 


p^dlip^dl Inp) + 3du Inp = 0. 


5 


4Audu + + e% + ^(1 - A)dp 


U~T^p{z, z) 


'iAp'd.d-.ip^d.d-, Inp) + i{A - 1) + i{zd, + zds) \np = 0, 



Table 2. Invariant solutions with two Abelian symmetries. 



CC 


h 


k2 


P 


RT equation 


A.l 


du 


dy 


p{x) 


p^(lnp)" = x. 


A.2 


dx 


dy 


p{u) 


p' = 0. 


A.3 


du + dx 


dy 


p{u — x) 


p2(p2(inp)")" + 3(inp)' = 0. 


A.4 


Audu - Pdp 


dy 


u~^/^p{x) 


p\p^{\np)")" = |. 


A.5 


AAudu + dx- APdp 


dy 


u-^/^p{{AA)-^\nu-x) 


p\p\\t^p)")" + ta{^^p)' = J- 



Table 3. Invariant solutions with two non-Abelian symmetries. 



cc 


fci 


k2 


P 


RT equation 


NA.l 
NA.2 

NA.3 

NA.4 


edu - xdx - ydy — Pdp, 
e = or e = 1 

AAudu - xd^ - ydy - (1 + A)Pdp 

-udu + dx + jPdp 

-udu + dx + jPdp 


dy 
dy 

du 

+PRee^dp 


xp{u + e In a;) 

l + A _X_ , 

X 

p{x) 

u^^\l + u^^e^^\ip{z), 

l+u-^e-i' 


e\p^{p"" -2p"' -^p" + 2p')- 
-p\p"^ + 2p'p"+p'^)] + 3(lnp)' = 0. 

p^p^lnp)")" + 3X{lnpy = 3(1 + A). 
p^(lnp)" = X. 

pHpHinpyr + \pHi^p)"- 

-36 cos z + 48(lnp)' sin 2; = 0. 



Tabic 4. Invariant solutions for m = 0. 



CC 


k 


P 


RT equation 


0.1 
0.2 
0.3 


lie - - i{e - m 


p{4.), C = re'^ 
p{x) 


i(l-r2)2i(r(lnp)')'-|+p-2 = 0. 
icos^ ,^(lnp)"-|+p-2 = 0. 
ia;2(lnp)"-f +p-2=0. 



Discussion 



We have examined point symmetries of the Robinson-Trautman equation (3). Forms of solutions in the 
case of one or two symmetries were given, as well as the corresponding reduced equations. Note that all 
known^ exact solutions of (3) have two or three symmetries and belong to one of the cases considered 
here. 

Assumption of symmetry does not seem to exclude regular solutions corresponding to asymptotically 
flat metrics. The coordinates used in Tables 1-3 can differ from the hypothetical Bondi-Sachs 
coordinates. For instance, in the case 4 of table 1, the function P depends on x which becomes ln|^'| 
under the transformation ^ C = exp(^). To achieve regularity of P one should demand that P is 
everywhere finite, positive, and 

lim \^'\-^P = a(u), lim \^'\P = b(u) (28) 

for some positive functions a and b. Rewriting (28) in terms of ^ we get 

lim e^P = a{u), lim e'^P = b{u) (29) 

X— ^ — oo x— ^oo 

which means that P behaves like el^l/(t() for large |x|. 

In the case A. 3 (sec Table 2) the Robinson-Trautman equation c;an bo solved analytically. This way 
one obtains the so-called C-metrics. A possible physical interpretation of these metrics as well as their 
twisting generalizations (the spinning C-metrics) was done recently^"^ 



Acknowledgments 

J. T. would like to thank M. Grundland who participated in the early stages of these investigations. 

This work was partially supported by the Polish Committee for Scientific Research (grant 1 P03B 
075 29). 



References 

^Robinson I. and Trautman A., Spherical Gravitational Waves, Phys. Rev. Lett. 4 461 (1960) 

^Moreschi O., Perez A., and Lehner L., Energy and angular momentum radiated for non head-on binary 
black hole collisions, Phys. Rev. D 66 104017 (2002) 

^Kinnersley W., Field of an Arbitrarily Accelerating Point Mass, Phys. Rev. 186, 1335 (1969) 

^Demiahski M., Plebanski J. F., Rotating, charged and uniformly accelerating mass in general relativity 
Ann. Phys. (USA) 98 98 (1976) 

^Pravda V. and Pravdova A., Boost-rotation symmetric vacuum spacetimes with spinning sources J. 
Math. Phys. 43 1536 (2002) 

^Pravda V. and Pravdova A., Boost-rotation symmetric spacetimes — review Czech. J. Phys. 50 333 
(2000) 

''Pravda V. and Pravdova A., On the spinning C-metric Gravitation: Following the Prague Inspiration 
(Selected essays in honour of J. Bicak), Eds. O. Semerak, J. Podolsky and M. Zofka, World Scientific, 
Singapore (2002) 

^Bicak J., Pravda V., Spinning C-metric: a spacetime with accelerating, rotating black holes, Phys. 
Rev. D 40 1827 (1989) 

^Stephani H., Kramer D., MacCallum M., Hoenselaers C, and Herlt E., Exact Solutions to Einstein's 
Field Equations, Second Edition, 2003, Cambridge University Press. 

^°Rendall A., Existence and asymptotic properties of global solutions of Robinson-Trautman equation, 
Class. Quantum Grav. 5 1339 (1988) 

^^Singleton D., On global existence and convergence of vacuum Robinson-Trautman solutions. Class. 
Quantum Grav. 7 1333, (1990) 



7 



Chrusciel P. T., On the global structure of Robinson-Trautman space-times, Proc. R. Soc. Lond. A 
436 299 (1992) 

Foster J., and Newman E. T., Note on the Robinson-Trautman Solutions, J. Math. Phys. 8 189 (1966) 

Frittelli S., and Moreschi O. M., Study of the Robinson-Trautman metrics in the asymptotic future. 
Gen. Rel. Grav. 24 575 (1992) 

Bondi H., Gravitational Waves in General Relativity, Nature (London) 186 535 (1960) 

Bondi H., van der Burg M. G. J., and Metzner A. W. K., Gravitational Waves in General Relativity. 
VII. Waves from Axi- Symmetric Isolated Systems, Proc. Roy. Soc. London A269 21 (1962) 

Tod P. , Some Examples of Penrose 's Quasi Local Mass Gonstruction, Proc. Roy. Soc. Lond. A 388 

457, (1983) 

Tafel J., Bondi mass in terms of the Penrose conformal factor, Class. Quantum Grav. 17 4397 (2000) 

Cornish F. H. J., and Micklewright B., The news function for Robinson-Trautman radiating metrics 
Class. Quantum Grav. 16 611 (1999) 

'Robinson 1., and Trautman A., Some spherical gravitational waves in general relativity, Proc. Roy. 
Soc. London A 265 463 (1962) 



8 



